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Dynkin’s Game . 2
, .








$\mathrm{A}$ $\mathrm{B}$ ( $T$ ) ,
$\mathrm{A}$ , $\mathrm{B}$ . $\mathrm{B}$ $t$
A $\mathrm{Y}_{t}$ . , $\mathrm{B}$ A $t$ $\mathrm{K}\mathrm{s}$ $\mathrm{B}$ $X_{t}$
. A $\mathrm{B}$ $\mathrm{Y}_{t}$ .




$\delta t=Xt-\mathrm{Y}t\geq 0$ $\mathrm{A}$
. $\delta_{t}$ ( $\delta_{t}>\sup_{0\leq\tau\leq T}\mathrm{Y}_{\tau}$) $\mathrm{A}$






. 1, -1 $\not\equiv$





$N$ $\mathrm{C}\mathrm{R}\mathrm{R}$ . $\rho_{k}(\omega)=1/2(a+b+\omega_{k}(b-a|$
. $\rho_{k}$ $(\Omega, P)$ K , $p$ $b$ , i
. .
$-1<a<r<b,$ $0<p<1$ .
$\mathcal{F}_{0}=\{\phi, \Omega\},$ $\mathcal{F}_{n}$ $\{\rho_{k}, k=1, \cdots, n\}$ $\sigma-$ \Pi .
$\{\mathcal{F}_{n}\}_{0\leq n\leq N}$ $\xi$ $\mathcal{F}_{nN}‘$
.
$N<\infty$ , $\mathrm{A}$ $\sigma\in \mathcal{F}_{0N}$ , $\mathrm{B}$ J
, $\mathcal{F}_{n^{-}}$ $\{X_{n}, \mathrm{Y}_{n};(\infty>\mathrm{Y}_{n}\geq X_{n}\geq 0)\}$ . $\sigma\wedge\tau=$
$R(\sigma, \tau)=X_{\tau}I_{\{\sigma<\tau\}}+\mathrm{Y}_{\tau}I_{\{\tau\leq\sigma\}}$
. $I_{A}$ .
2.1 (Kifer(.2OOO)) $P^{*}=(r-a)/(b-a),$ $N<\infty$ . $\mathrm{t}$
$V_{0N}^{*}$ . $V_{0N}^{*}$ $V_{NN}=(1+r)^{-N}\mathrm{Y}_{N}$
$V_{nN}^{*}= \min\{(1+r)^{-n}X_{n},$ $\max((1+r)^{-n}\mathrm{Y}_{n},$ $E^{*}[V_{n+1,N}|\mathcal{F}_{n}]_{J}’$
. $n=0,1,$ $\cdots,$ $N$ YC
$V_{nN}^{*}$
$= \min_{\sigma\in \mathcal{F}_{nN}}\max_{\tau\in \mathcal{F}_{nN}}E^{*}[(1+r)^{-(\sigma \mathrm{A}\tau)}R(\sigma, \tau)|\mathcal{F}_{n}]$
$=$ $\max_{\tau\in \mathcal{F}_{nN}}\min_{\sigma\in \mathcal{F}_{nN}}E^{*}[(1+r)^{-(\sigma\Lambda\tau)}R(\sigma, \tau)|\mathcal{F}_{n}]$
. \epsilon
$\sigma_{nN}^{*}$ $= \min$ { $k\geq n$ : $(1+r)^{-k}X_{k}=V_{kN}^{*}$ or $k=N$ } an
$\tau_{nN}^{*}$ $= \min\{k\geq n : (1+r)^{-k}\mathrm{Y}_{k}=V_{kN}^{*}\}$
$\mathcal{F}_{nN}$ \epsilon , .
$E^{*}[(1+r)^{-(\sigma_{nN}\wedge\tau)}.R(\sigma_{nN}^{*},\tau)|\mathcal{F}_{n}]\leq V_{nN}^{*}\leq E^{*}[(1+r)^{-(\sigma\wedge\tau_{nN})}.R(\sigma$ ,
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2.2




$dS_{t}=S_{t}(\mu dt+\kappa dW_{t})$ (2.2)
. $\{Wt\}t\geq 0$ Brown , $\mu,$ $\kappa$ . (2.1), (2.2) ,
$B_{t}=B_{0}e^{rt}$ , $B_{0}>0$ , $r\geq 0$ (2.3)
$S_{t}=S_{0} \exp((\mu-\frac{\kappa^{2}}{2})t+\kappa W_{t})$ (2.4)




$\langle$ . $\{\mathcal{F}t\}t\geq 0$ . (2.4)
$\{\mathcal{F}t\}t\geq 0$ .
$\mathcal{F}_{tT}$ $\{\mathcal{F}_{u}\}_{0\leq u\leq T}$ .
$t$
$\mathrm{A}$ $\sigma\in \mathcal{F},\tau$ , $\mathrm{B}$ $\tau\in \mathcal{F},\tau$ , $\mathcal{F}_{t^{-}}$










, $\{V_{tT}^{*}\}_{0\leq t\leq T}$ Q- 1 ,
$V_{tT}^{*}$
$= \mathrm{e}\mathrm{s}\mathrm{s}\inf_{\sigma\epsilon tT}\mathrm{e}\mathrm{s}\mathrm{s}\sup_{\tau\in \mathcal{F}_{tT}}E^{Q}[e^{-r(\sigma \mathrm{A}\tau)}R(\sigma,\tau)|\mathcal{F}_{t}]$
$= \mathrm{e}\mathrm{s}\mathrm{s}\sup_{\tau\in \mathcal{F}_{tT}}\mathrm{e}\mathrm{s}\mathrm{s}\inf_{\sigma\in}TE^{Q}[e^{-r(\sigma\wedge\tau)}R(\sigma,\tau)|\mathcal{F}_{t}]$
. $t\in[0, T],$ $\epsilon>0$
$\sigma_{tT}^{\epsilon}$ $=$ $\inf$ { $u\geq t$ : $e^{-ru}X_{u}\leq V_{uT}^{*}+\epsilon$ or $u=T$ } and (2.6)
$=$ $\inf\{u\geq t : e^{-ru}\mathrm{Y}_{u}\geq V_{uT}-\epsilon\}$ (2.7)
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$\mathcal{F}_{tT}$ , $\sigma,$ $\tau\in \mathcal{F}\iota\tau$ Q- 1 .
$E^{Q}[e^{-r(\sigma_{tT}^{\epsilon}\wedge\tau)}R(\sigma_{tT}^{\epsilon}, \tau)|\mathcal{F}_{t}]-\epsilon\leq V_{tT}^{*}\leq E^{Q}[e^{-r(\sigma \mathrm{A}\tau_{tT}^{e})}|\mathcal{F}_{t}]+\epsilon$
$E^{Q}$
$\mathrm{Q}$ . , $\mathrm{Y}t,$ $-Xt$ ,
. $\sigma_{tT}^{\epsilon},$ $\tau_{tT}^{\epsilon}$ , $\sigma_{tT}^{*}=$
$\lim_{\epsilon\downarrow 0}\sigma_{tT}^{\epsilon},$ $\tau_{tT}^{*}=\lim_{\epsilon\downarrow 0}\tau_{tT}^{\epsilon}$ , $\sigma,$ $\tau\in \mathcal{F}_{tT}$ Q- 1 .
$E^{Q}[e^{-r(\sigma_{tT}^{*}\wedge\tau)}R(\sigma_{tT}^{*}, \tau)|\mathcal{F}_{t}]\leq V_{tT}^{*}\leq E^{Q}[e^{-r(\sigma\wedge\tau_{tT}^{*})}R(\sigma,\tau_{tT}^{*})|\mathcal{F}_{t}]$ .









(Optimal Exercise Boundary) .
3.1
Grant, Vora and Week(1996) \epsilon ,
. \epsilon .
Step 1:
0 $T$ , $j=0,$ $\cdots,$ $M,$ $M\Delta t=T$ , $tj$
$0<S_{j}^{1}<\cdots<S^{g}<j\ldots<S^{G}<\infty j$ \epsilon .
$\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{p}2$:
$\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{p}2.1$ : $t_{M}$( ) If .
$S_{j}^{C},$ $S_{j}^{E}$ , $S_{hI}^{C}=S_{M}^{E}=I\mathrm{f}$ .
$\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{p}2.2$: $t_{M-1}$
t 1, $S_{M-1}^{g}$ $d^{C}(S_{M-1}^{g})$ ,
$d^{E}(S_{M-1}^{g})$ ,
$d^{C}(S_{M-1}^{g})$ $=$ $(K-S_{M-1}^{g})^{+}+\delta-e^{-r\Delta t}E_{M-1}[P_{M}(S_{M})|S_{M-1}^{g}]$ (3.1)













dC(S l) $<0$ , $(K-S_{hI-1}^{g})^{+}+\delta<e^{-r\Delta}E_{M-1}[P_{M}(S_{M})|S_{\mathrm{A}I-1}^{g}]$ ,
, .
. , $d^{C}(S_{M-1})\geq 0$ , $(K-S_{M-1}^{g})^{+}+\delta\geq$
$e^{-r\Delta t}E_{M-1}[P_{M}|S_{M-1}^{g}]$ , ,
, .
$t_{M-1}$ , ,
, , (3.1) (3.1) $d^{C}(S_{M-1}^{g}),$ $d^{E}(S_{M-1}^{g})$




$t_{M-2}$ , $S_{M-2}^{g}$ $d^{C}(S_{M-2}^{g})$ ,
$d^{E}(S_{M-2}^{g})$
$d^{C}(S_{M-2}^{g})$ $=$ $(K-S_{M-2}^{g})^{+}+\delta-e^{-r\Delta t}E_{M-2}[P_{M-1}(S_{M-1})|S_{M-2}^{g}]$
$d^{E}(S_{M-2}^{g})$ $=$ $(K-S_{M-2}^{g})^{+}-e^{-r\Delta t}E_{M-2}[P_{M-1}(S_{M-1})|S_{M-2}^{g}]$
.
$P_{M-1}(S_{M-1})=\{$
$(K-S_{M-1}^{g})^{+}+\delta$ if $d^{C}(S_{M-1}^{g})<0\Rightarrow \mathrm{c}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}\mathrm{l}$
$e^{-r\Delta t}P_{M}(S_{M})$ if $d^{C}(S_{M-1}^{g})\geq 0\Rightarrow \mathrm{h}\mathrm{o}\mathrm{l}\mathrm{d}$
$K-S_{M-1}^{g}$ if $d^{E}(S_{M-1}^{g})>0\Rightarrow \mathrm{e}\mathrm{x}\mathrm{e}\mathrm{r}\mathrm{c}\mathrm{i}\mathrm{s}\mathrm{e}$
$e^{-r_{\backslash }\Delta t}P_{M}(S_{M})$ if $d^{E}(S_{M-1}^{g})\leq 0\Rightarrow \mathrm{h}\mathrm{o}\mathrm{l}\mathrm{d}$
. $S_{M-2}^{g}$ $E_{M-2}[P_{M-1}|S_{M-2}^{g}]$ $(t_{M-2}, S_{M-2}^{g})$
2 . $S_{M}^{C},$ $S_{M}^{E}$ ,
$S_{M-1}^{C},$ $S_{M-1}^{E}$ ( ).
Exercise-Or-hold boundary , cancel-Or-hold boundary
, ,
. ,
case 1 $t_{M-1}$ , $t_{hI}$
. $e^{-2r\Delta t}(K-S_{M}^{g})^{+}$ .
case 2 $t_{M-1}$ . $e^{-r\Delta \mathrm{i}}(K-$
$S_{M-1}^{g})^{+}+\delta$ .
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case 3 $t_{M-1}$ . $e^{-t\Delta t}(K-S_{M-1}^{g})^{+}$
.







, . $K=100,$ $S=96.5$ ,
$T=1,$ $r=0.1,$ $\sigma=0.3,$ $M=12$ , 5000,







. $\delta$ , ,
$\mathrm{K}\mathrm{s}$ , .















$S_{t}= \prod_{j=1}^{N_{t}}(1+U_{j})\exp\{(\mu-\frac{\sigma^{2}}{2})t+\sigma B_{t}\}$ .




$K=100,$ $S=96.5,$ $T=1,$ $r=0.1,$ $\sigma=0.3$ ,
$M=12$ , 5000, 1000 .
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